We consider a certain class of discrete approximation operators L n which include e.g. the Bernstein polynomials, the Baskakov operators, the MeyerKonig and Zeller operators or the Favard operators. For bounded or some locally bounded functions / on an interval I there is estimated the rate of convergence of i n [/](x) at these points x at which the one-sided limits /(x± 0) exist. In the main theorems the Chanturiya's modulus of variation is used.
Preliminaries
Let I be a finite or infinite interval and let M(I) [resp. C(/)] be the class of all complex-valued functions bounded [continuous] on I. In the case when I is not compact interval, denote by M\ oc (I) the class of all functions defined on I and bounded on every compact subinterval of I. Introduce, formally, for functions / belonging to these classes the discrete operators L n given by where ip\ is a positive function (with finite values) on I. In this case, operators (1) are well defined in the whole class M(I). Assume further that, for every x 6 /, (3) 6n ( The same is also true for unbounded functions / € C(/), satisfying a suitable growth condition. In this paper we present some inequalities for the rate of pointwise convergence of Ln[f](x) for functions / € M(/) (or / € M\oc(I)) at these points x € / at which the one-sided limits /(x ± 0) exist. For the sake of brevity we use the notation is a non-decreasing function of A;. Some basic properties of this modulus can be found e.g. in [1], [9] .
In our considerations, the integral part of a real number u is denoted by [«] .
Main results
Let / € M(I) {or / 6 M\ 0C (I)) and let (1) be meaningful. Consider a point x G Int I at which both limits /(x ± 0) exist.
It is clear that, for all u € I,
In order to evaluate the term L n [g x ](x) it is convenient to write
|iy,"-x|>a where i? Xia = 0 if neither of the points x ± a belongs to Int I, and tf Xta = 1 otherwise. when all points tj, j = 1,..., m + 1, belong to I. Then Obviously, by (2),
LEMMA. Suppose that f is bounded on an interval
Applying the inequality
and arguing similarly to the proof of Theorem 1 in [9] we conclude that
Thus, we get the estimate of the left-hand side of equality (9). By symmetry, we obtain the analogous estimate for the sum of g(£j, n ) • Pj, n {x) when x -a < £j iU < x, and our assertion follows. If the function / is bounded on I and if at least one of the points x ± a belongs to Int/ then inequality (10) yields
Denoting by u(g x \ •)/ the modulus of continuity of g x on I and using its well-known properties one can get the estimate
Suppose now that there exists a null sequence (d n ), 0 < d n < 1/2 and a positive function f2 on I, such that
Taking into account identities (5), (7), our Lemma and inequalities (11), (12) we can state the first main result as follows. THEOREM 1. Let conditions (2), (13) be satisfied. Suppose that f € M (I) and that at a fixed point x € Int I the one-sided limits f(x ± 0) exist. Then, for all positive integers n, 2{y>i(x) + ¿"(/; x) and gn(x) are defined by (6) and (3), respectively. For continuous f the term ifi2(x)d^Vi(gx; I) can be replaced by
Now a result for unbounded / will be given. Proof. Take A > 0 and write Ln[gx}{x) in the form (7) with a = A. In view of (14),
by the Cauchy-Schwarz inequality and (13), (15). The above inequality, identities (5), (7) and estimate (8) (with a = A) give our assertion, immediately.
Remarkl.In the case when I is non-compact finite interval one can reduce the problem to the case of infinite intervals. For example, if I = [a,/3), we can choose a one-to-one mapping h of [a, ¡3) into [0, oo) and we can apply our theorems to function w = f o h -1 and operators
jeJ"
Remark 2. For many well-known operators of the form (1), condition (3) is satisfied and
n-> oc at every x € Int 7. Consequently, for these operators, the right-hand sides of the inequalities given in Theorems 1 and 2 converge to zero as n tends to infinity (see [10] , Remark 1). 
Corollaries

Examples
The class of operators of type (1) is very wide; it includes many wellknown discrete operators. We specify here only a few examples for which our results can be applied.
I. The generalized Favard operators Fn are defined for bounded or some unbounded / on I = R by formula (1) in which J n = Z, = j/n and Pj,n(z) = Pj,n(r, X ) = (V&7n) _1 eXP ^ -~ ) > where 7 = ( 7n )i° is a positive null sequence such that n 2 7^ > -7r -2 logn for n > 2, 7 2 > -7r -2 log2.
2
Applying Lemma 2 of [4] one can get the following estimates concerning the quantities (3) and (4) Thus, Theorem 1 applies with = 3, <fi2(x) = 51k 2 and dn = 7n /K, where k := max{l,2sup 1/g^7l/ }. Also, Theorem 2 can be applied for functions / € M\oc(R) satisfying the growth condition (14) with ip(x) = exp(crx 2 ), a > 0. Indeed, assuming <77 2 < 3/32 we get 00 / • \ j=-00 < 2{1 + 0 n (2j; x)} exp(4<rx 2 ) < 6 exp(4ax 2 ); whence condition (15) holds with <¿>3(2) = 6exp(4crx 2 ). In particular, from these inequalities and Theorems 1, 2 one can get estimates for the rate of pointwise convergence of the Baskakov operators and, via Remark 1, for the Meyer-Konig and Zeller operators.
Appendix
Choosing I = [0,oo) or I = (-00,00), let us consider the Lupa § type modification of operators (1), defined by
n€N). j£Jn
For bounded continuous functions / on [0,00) the above modifications of the Baskakov operators and the Szasz-Mirakyan operators were investigated in [7] and [11] .
Clearly, all our results given in Section 2 and 3 can be transferred to operators (16). In particular, the analogue of Theorem 2 and Corollary 4 can be stated as follows. 
